We calculate the entropy of a scalar field in a rotating black hole in 2 + 1 dimension (BTZ black hole). Only in the Hartle-Hawking state the entropy is proportional to the horizon area, but diverges linearly in √ h, where h is the radial cut-off. In WKB approximation the superradiant modes do not contribute to the entropy. 
Recently, many efforts have been concentrated on understanding the statistical origin of the Bekenstein-Hawking black hole entropy [1] : the brick wall method of 't Hooft [2] , the entanglement entropy [3] , the conical method [4] , etc. (See the review [5] .) The common property of the above methods is that the entropy is divergent and proportional to the horizon area.
For a rotating black hole in 4 dimensional space-time the entropy of a quantum field was calculated by the brick wall method [6] . The result is that the entropy is proportional to the horizon area in the Hartle-Hawking state. The difficulty in treating the quantum field in a rotating black hole background is that one can not find the global static frame. Usually one resolve it by taking the rigid frame corotating with the black hole. However in this case an observer who is at the outside of a surface (the velocity of light surface (VLS) ) must have v ≥ 1 and must move on a spacelike world line. To remove such an unphysical behavior one needs a perfectly reflecting mirror inside the VLS [7] .
In 3 dimension Banados et al obtained a black hole solution for the standard 2+1 Einstein-Maxwell theory with a negative cosmological constant, which (for charge = 0) is asymptotically anti-de Sitter space-time [8] . This is also the solution of the low energy string action in 3 dimension [9] . The black hole is characterized by mass, angular momentum, and charge, which is similar to the 4 dimensional rotating black hole. Therefore to study the 3 dimensional black hole is helpful to understand the entropy of the 4 dimensional black hole.
In this paper we study the entropy of a quantum field in 3 dimensional BTZ black hole with charge = 0 by the brick wall method. We show that the entropy diverges linearly in √ h, where h is the radial coordinate distance from the horizon to the brick wall. In WKB approximation the superradiant modes in the Hartle-Hawking state do not contribute to the entropy.
Let us consider a scalar field with mass µ in thermal equilibrium at temperature 1/β in a rotating 3 dimensional black hole background, of which line element is generally given by
This metric has two Killing vector fields: the timelike Killing vector ξ µ = (∂ t ) µ and the axial Killing vector ψ µ = (∂ φ ) µ . In this paper we consider the BTZ black hole with the following metric components
, where M and J are the mass and the angular momentum of the black hole respectively. For BTZ black hole there are three important surfaces: the inner, outer horizons and the stationary limit surface.
The inner and outer horizons are given by
for M > 0, |J| ≤ M l. The stationary limit surface is given by
The Killing vector ξ µ vanishes on the stationary limit surface, and the Killing vector ξ µ + Ω H ψ µ is null on the event horizon (r = r + = r H ), where Ω H is the angular velocity of the horizon [10] :
The equation of motion of the field with mass µ is given by
where ξ is an arbitrary constant and R(x) is the scalar curvature. ξ = 1/8 and µ = 0 case corresponds to the conformally coupled one. We assume that the scalar field is rotating with a constant azimuthal angular velocity Ω 0 ≤ Ω H . The associated conserved quantity is angular momentum L. The positive frequency field mode can be written as Φ q,m = f q,m (r)e −iEt+imφ , where m is the azimuthal quantum number and q denotes other quantum numbers. The free energy of the system is then given by
or
where g(E, m) is the density of state for a given E and m.
To evaluate the free energy we follow the brick wall method of 't Hooft [2] . We impose a small radial cut-off h such that
where r H denotes the coordinate of the event horizon. To remove the infra-red divergence we also introduce another cut-off Λ ≫ r H such that
In the WKB approximation with Ψ = e −iEt+imφ+iS(r) the equation (6) 
where p r = ∂ r S and V (x) = ξR(x) + µ 2 . It is important to note that the number of state for a given E is determined by p r and m. The number of mode with energy less than E and with a fixed m is obtained by integrating over the phase space
At this point we need some remarks. In a rotating system, in general, there is a superradiance effect, which occurs when 0 < E < mΩ 0 . For this range of the frequency the free energy F becomes a complex number. In case E = mΩ 0 the free energy is divergent. Therefore to obtain a real finite value for the free energy F , we must require that E > mΩ 0 . ( For 0 < E < mΩ 0 the free energy diverges. See below.) This requirement says that we must restrict the system to be in the region such that g ′ tt ≡ g tt + 2Ω 0 g tφ + Ω 2 0 g φφ < 0. In this region the free energy is a finite real value because E − mΩ 0 > 0. It is easily shown as follows. Let us define E = E − mΩ 0 . Then it is written as
where we used
and Ω = − g tφ g φφ
. Here −D = g 2 tφ − g tt g φφ . From Eq. (13), for all m and p r one can see that the condition
Therefore in the region such that −g ′ tt > 0 ( called region I) the free energy is real, but in the region such that −g ′ tt < 0 (called region II) the free energy is complex. However in the region II the integration over the momentum phase space is divergent. This fact becomes apparent if we investigate the momentum phase space. In the region I the points of p i satisfying E − Ω 0 p φ = E for a given E are located on the following curve
which is the ellipse, a closed curve. Here p φ = m. So the density of state g(E) for a given E is finite and the integrations over p i give a finite value. But in the region II the points of p i are located on the following curve
which is the hyperbola, a open curve. So g(E) diverges and the integrations over p i diverge. In case of g ′ tt = 0, the points of p i are given by
which is a parabola and also open curve. Therefore the value of the p i integrations are divergent.
Actually the surface (the curve) such that g ′ tt = 0 is the velocity of the light surface (VLS). Beyond VLS (in region II) the co-moving observer must move more rapidly than the velocity of light. It is unphysical. Thus we assume that the system is in the region I. Now let us determine the region I. From
where we have used Ω 0 = yΩ H with 0 ≤ y ≤ 1, we obtain the exact position of the VLS, which is given by
For y = 0 the VLS is at r = r s = l √ M , and for y = 1 it locates at r = r + . As the value of y increases from 0 to 1 the VLS is continuously moved from r s to r + . But there is no outer VLS. It is distinct from the 4-dimensional black hole [6] . Thus the region I is r V LS < r < ∞.
With the assumption that the system is in the region I we obtain the free energy as follows:
where we have integrated by parts and we assume that the quantum number m is a continuous variable.
The integration over m yields
In particular when Ω 0 = 0, J = 0, and V (x) = 0, the free energy (23) is proportional to the volume of the optical space [11] . It is easy to see that the integrand diverges as r H + h approaches r V LS . In that case the contribution of the V (x) can be negligible.
In the case of V = 0 (µ = ξ = 0 or ξ = µ 2 6l 2 ) the free energy reduces to
where β local = −g ′ tt β is the reciprocal of the local Tolman temperature [14] in the comoving frame, and N is a constant . This form is just the free energy of a gas of massless particles at local temperature 1/β local in 3 dimension.
From this expression (24) it is easy to obtain the expression for the entropy S of a scalar field for V (x) = 0. In the Hartle-Hawking state ( Ω 0 = Ω H , T = T H ), where
the entropy is
where we have taken the limit Λ → ∞. The entropy is linearly divergent in √ h. (This is the general feature of the non-degenerated 2 + 1 dimensional black hole.) The requirement that the entropy satisfies the area law [8]
determines the cut-off as
where a = 3N 8π 2 . In terms of the proper distance cut-off ǫ the entropy is given by
where
If we choose the proper distance cut-off as 
